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FOUR-WEIGHT SPIN MODELS AND JONES PAIRS

ADA CHAN, CHRIS GODSIL, AND AKIHIRO MUNEMASA

ABSTRACT. We introduce and discuss Jones pairs. These provide a general-
ization and a new approach to the four-weight spin models of Bannai and
Bannai. We show that each four-weight spin model determines a “dual” pair
of association schemes.

1. JONES PAIRS

The space of k x k matrices acts on itself in three distinct ways: if C € M (F),
we can define endomorphisms X¢, A¢ and Yo by

Xo(M)=CM,  Ac(M)=CoM,  Yo(M)=MC".

If A and B are k x k matrices, we say (A, B) is a one-sided Jones pair if X4 and
Ap are invertible and

(1.1) XaApX4 = ApXaAp.

We call this the braid relation for reasons that will become clear as we proceed.
We note that X 4 is invertible if and only if A is, and Ap is invertible if and only if
the Schur inverse B(~) is defined. (Recall that if B and C' are matrices of the same
order, then their Schur product B o C' is defined by the condition

(B ] C)i,j == Bi,jCiJ'

and Bo B(-) = J.) We will see that each one-sided Jones pair determines a
representation of the braid group Bs, and this is one of the reasons we are interested
in Jones pairs. The pair (I, J) forms a trivial but useful example. A one-sided Jones
pair (A, B) is invertible if AC~) and B~! both exist.

We observe that X4 and Y4 commute and that

(1.2) YAApYa = ApYaAp

if and only if (A4, BT) is a one-sided Jones pair. A pair of matrices (4, B) is a Jones
pair if both (A, B) and (A, BT) are one-sided Jones pairs. From a Jones pair we
obtain a family of representations of the braid groups B;, for all .

In this paper we describe the basic theory of Jones pairs. We find that if A7)
exists, then (A, A(7)) is a Jones pair if and only if A is a spin model in the sense of
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Jones [10], and that invertible Jones pairs correspond to the 4-weight spin models
due to Bannai and Bannai [I]. The theory we develop includes the basic theory of
these spin models. Finally, we prove that each invertible Jones pair (A, B) of n x n
matrices determines a dual pair of association schemes, one built from A and the
other from B.

2. REPRESENTATIONS OF THE BRAID GROUP

The braid group B,, on n strands has n — 1 generators o1, ...,0,_1 that satisfy
the relations

0i0i4+104 = 0j4+10i04+1
and, if |7 — j| > 1,
0,05 = 0405.

We will show how we can use Jones pairs to construct a class of representations
of the braid group and, in certain cases, obtain invariants of oriented links. These
constructions are due to Jones [10], who did not feel the need to write out proofs.
We did, and so we record them here. Nonetheless, these proofs play no role in the
sections that follow (and there will be no exam).

Let V®™ denote the tensor product of m copies of the n-dimensional vector
space V. Let (A4, B) be a pair of n x n matrices. Let e; denote the ith standard
basis vector of F" and let E;; be the matrix eiejT. Let go;_1 be the element of
End(V®™) obtained by applying A to the ith tensor factor of V™. We let go;
denote the element of End(V®™) such that

gQi(eT1 - ® er'm.) = B""iJ’H»l (67"1 Q- er'm.)'

We remark that (A, B) is a one-sided Jones pair if and only if the map sending
01 to g1 and o9 to go determines a representation of Bs. Our next result is from
Jones [10} Section 3.3].

2.1. Lemma. Let (A, B) be a pair of n x n matrices and let the endomorphisms g;
be defined as above. If r > 4 and m > |(r 4+ 1)/2], the following are equivalent.

(i) (A, B) is a Jones pair.

(ii) The mapping that assigns o; in B, to g; defines a representation of B, in

End(V®m). O

Proof. Tt suffices to show that, for each positive integer r > 4, we have

(2.1) 9igi+19i = Gi+19igi+1 (i=1,...,7 —2)

if and only if () and (TC2) hold. By the definition of the action of g;, we see that
the equations (Z1]) are equivalent to

(2.2) 919291 = 929191, 929392 = 939293
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on V@ V. If we identify V ® V with My(F) via the map ¢ : e; ® e; — Ej;, then

bg1(ei ® ej) = p(Ae; @ e;)

= 6(D_ Anien ®¢;)
h=1

= AniEy,
h=1
= Xa(Ey),
pg2(ei @ ;) = d(Bije; @ ;)
= Bij Eyj
= Ap(Eij),
bgs(ei ® ej) = dle; @ Aej)
= ¢(Z Apjei ® ep)

h=1

= AnjEn

I
=
[
L

T
1
T
i A
j

o
~ =y

A(Eij).
Therefore, we have shown that
g1=0"'Xag, go=9¢ 'Apd, gz=0¢"'Yao,
and hence the equations (2-2)) are equivalent to (L)) and (T2). O

Although representations of the braid group are interesting in their own right,
the work we have discussed is motivated by the relation with link invariants. The
following lemma gives a sufficient condition for a Jones pair to yield a link invariant.
(We comment on the constraints on A and B following the proof of Lemma [(-2])

2.2. Lemma. Let (A, B) be a Jones pair of n X n matrices such that we have

A= (A)s =1y

and
LI S
j=1 j=1
fori=1,....n. If g1,...,9r—1 are defined as above and h € (g1,...,gr—2), then

tr(hgt!)) = % tr(h) tr(A).
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Proof. Let v = |(r + 1)/2] and let V denote the tensor product of ' copies of
V. Suppose first that r is even. If o € {1,.. .,n}"/’l, denote by e, the vector
€ay ® @ eq,_,. Then the set

{ea®@e; |ae{l,...,n}" "1, 1<i<n}
forms a basis of V. Since h leaves the subspace
lea @e; |ae{l,...,n}" Y
invariant, we can write

hieq ®e;) = Zh%,aeﬁ ® e;,
B

where hi o€ F. Now we have

tr(h) =Y Y hi,.

i=1 «
Since
n
hgyti(ea ®ei) = hlea © > (AF)jie))
j=1
n .
= Z(Ail)ji Z hi afB ®¢ej,
Jj=1 B

we have

This proves the lemma when r is even.
Next suppose r is odd. For a € {1,...,n}"
€ay ® -+ ®eq,_,. Then the set

2. we denote by e, the vector

{ea®ei®e;|aed{l,....,n}" "2 1<ij<n}

forms a basis of V. Since h acts as the identity on the last tensor factor of V, we
can write
n
hea®ei®es) =Y > hipr.(aines @ ex D¢,
k=1 B

where h(g 1) (a,i) € F are independent of j. Now we have

tr(h) =nY > o). (ai)-

=1 «
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Since
hgr 1(eo‘®61®63) B'i‘lh(ea®ei®6j)
_Bﬂzzh(ﬁk)(w)eﬁ@’ek@ej,
k=1 g
we have
(2.3) tr(hg Z S B s
,j=1 «
2.4 =3 b ZB
i=1 «

Given the constraints on B and B(7), we see that the lemma holds when r is
odd. O

3. FURTHER PROPERTIES

We develop some basic properties of one-sided Jones pairs. We begin with an
alternative form of the definition.

Equation (LTJ) is equivalent to the condition that, for all matrices M in M (F),
(3.1) A(Bo(AM)) = Bo (A(BoM)).

If M and N are elements of My (F), then tr(M7T N) is a nondegenerate bilinear
form on M (F). If Y € End(Mg(F)), denote its adjoint relative to this form by Y7,
and call it the transpose of Y. It is easy to verify that

XT = Xy, AL = Ap.

3.1. Lemma. If (A, B) is a one-sided Jones pair, then so are
(a) (AT, B),
) (A7Y,BO)),
(c) (D7YAD, B), where D is invertible and diagonal,
(d) (A, BP), where P is a permutation matriz,
) (P~YAP, P~1BP), where P is a permutation matriz,
) (AA,AB), for any nonzero A in F.

Proof. The first claim follows by taking the transpose of equation (ILI)), and the
second by taking the inverse and noting that

X '=X41, AR =Apo.
If D is diagonal and invertible, then
Xp-1XcXp =Xp-1¢p,s Xp-1AcXp =Ac.

Then (c) follows by conjugating ([I.1]) above by Xp.
Next, if P is a permutation matrix, then

(BP)oM = (BoMP™')P

and
(BoC)P =BPoCP;
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hence,
A(BP o (AM)) = A(Bo (AMP™1))P
= (BoA(Bo(MP™Y)))P
=BPoA(Bo(MP )P
= BP o A(BP o (M)).
We leave (e) as an exercise, while (f) is truly trivial. O

4. EIGENVECTORS
Note that we can rewrite the braid relation in the equivalent form
AG'XAAp = XAABX ",
from which we see that the endomorphisms X4 and Ap are similar. Since
ApE;j = B E;;,

E; ; is an eigenvector for the operator Ap, with eigenvalue B; ;. Since X4 and
Ap are similar, we conclude that X 4 is diagonalizable, and its eigenvalues are the
entries of B.

4.1. Lemma. The matrices A and B form a one-sided Jones pair if and only if for
all i and j we have

A(Ae; o Be;) = B; j(Ae; o Be;).
Proof. Put M = E; ; in the second form, (B1l), of the braid relation. This yields
(4.1) A(Bo (AE;;)) = Bo (A(BoE;;)).
Observe that
Bo (AE; ;) = Bo (Aeiel ) = (Ae; o Bej)e)
and Bo E; j = B; jE; ;. Therefore,
Bo(A(BoE;;)) = B;;jBo(AE; ;) = B; j(Ae; o Bej)el
and hence the lemma follows from (ZJ]). O

4.2. Lemma. If (A, B) is a one-sided Jones pair, then B has constant column sum.

Proof. We have
A(Ae; o Be;) = B; j(Ae; o Be;).
Since B(7) exists and A is invertible, the vectors
Aer,oBej, r=1,...,n,

are linearly independent, and therefore they form a basis of F" consisting of eigen-
vectors of A. Consequently, the entries B, ; in the jth column of B provide a
complete list of the eigenvalues of A. Thus each column of B sums to tr(4). O

It follows from this lemma that if (A, BT) is a Jones pair, then the row sums of
B are also constant. The argument used will also show that, if (A, B) is a one-sided
Jones pair and A(") and B! exist, then the row sums of B are constant.
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4.3. Lemma. Let (A, B) be a pair of n x n matrices and let D; be the diagonal
matriz whose rth diagonal entry is B, ;. Then (A, B) is a one-sided Jones pair if
and only if
AD;A = D;AD;
forj=1,...,n.
Proof. By Lemma [41] we have that (A, B) is a one-sided Jones pair if and only if
AAei o Bej = BiJ' Aei o Bej
for all ¢ and j. Since Be; oz = Djx, this is equivalent to
ADj Aei = Bi,ijAei,

from which the lemma follows. O

A representation of B3 over F is given by assigning invertible n x n matrices A
and Ay over F to the generators o; and oy of Bs, such that the braid condition
holds:

AjAs Al = Az Aj As.
It follows from Lemma B3 that if (A, B) is a one-sided Jones pair and D; is the
diagonal matrix whose rth diagonal entry is B, ;, then the pair of matrices (A4, D;)
provide a representation of Bs.

Conversely, suppose A and D are invertible matrices that provide a representa-
tion of Bs, and that D is diagonal. Set B = DJ. Then (DJ)o M = DM for any
matrix M; therefore,

A(Bo (AM)) = A(DJ o (AM)) = ADAM = DADM = B o (A(B o M)).

Thus, (4, D) determines a representation of Bs if and only if (4, DJ) is a one-sided
Jones pair. To get an invertible one-sided Jones pair containing A, we require n
linearly independent diagonal matrices D; such that (A, D;) gives a representation
of Byfori=1,...,n.

5. THE EXCHANGE LEMMA

It is trivially true that, if Ae; o Be; is an eigenvector for A, then so is Be; o Ae;.
Somewhat surprisingly, this yields a very useful “Exchange Lemma”.

5.1. Lemma. If A, B, C and Q, R, S are elements of My(F), then
XAApXc = AQXRAS
if and only if
XaAcXp = ARXQAST.
Proof. The first relation holds if and only if
(5.1) A(Bo (CEi;)) = Qo (R(So Eij)).
We have
Bo (CE,L'J‘) = (C’ei o Bej)ejT

and, therefore,

A(B o (CE,L'J)) = A(C’ei ] Bej)ejT.
Furthermore,

Q 9] (R(S 9] E@j)) = Si,j(Rei o er)ef.
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Consequently, our first relation is equivalent to the system of equations
A(Ce; 0 Bej) = S; j(Re; o Qej).
To complete the argument, note that

A(Ce; o Bej)el = A(C o (BE;;))

and
Sij(Re;oQej)el =S, j(RoQE;;) = RoQ(ST o Ej ;).

We conclude that (G.I)) holds if and only if

A(C o (BEj;) = RoQ(S" 0 Ej),
which is equivalent to the second of the two relations in the lemma. O

We note one corollary of this lemma.
5.2. Corollary. Let A and B be matrices such that A~' and B() exist. Then
(A, B) is a one-sided Jones pair if and only if
XAAaXp = AsXpApr.

Proof. Apply the exchange lemma to the braid relation X 4ApXa = ApXaAp.
|

This immediately yields the following;:

5.3. Lemma. Let A and B be invertible and Schur invertible matrices. Then (A, B)
is a one-sided Jones pair if and only if

AA(f)XAAA = XBABTXB—I.
6. DuaALITY

Let A and B be two n x n matrices. We define N4 g to be the space of n x n
matrices such that Ae; o Be; is an eigenvector for all ¢ and j; this is an algebra
under matrix multiplication. We call it the Nomura algebra of the pair (A, B). If
R € N4 g and S is the n x n matrix such that

R Ae; o Bej = S; j Ae; o Bey,

then we denote S by © 4 g(R). We denote the image of N'a g under © 4 g by N} p,
and observe that this is a commutative algebra under Schur multiplication. In all
cases, I € Na,p and J = ©4 5(I) € N . If (A, B) is a one-sided Jones pair, then
Na,p contains all polynomials in A and NA} p contains all “Schur polynomials” in
B.

6.1. Lemma. Let (A, B) be a one-sided Jones pair and let A denote the opera-
tor XaApXa = ApXaAp. Then A% commutes with X4 and Ag. In addition,
AT'XAA = Ap and A"TABA = X 4.

Proof. For the first claim, note that
A? = (XAAB)® = (XaABXa)?,
whence A? commutes with X4Ap and X4ApX4. So A% commutes with X4 and

AB. Next
XaA = XAABXAAB = AAB

and
ApA = ApXsApX4=AX4. O
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We cannot prove that conjugation by A swaps Na g and - ,/47 g, but the following
is a very useful consolation.

6.2. Theorem. Let (A,B) be a pair of n X n matrices. Then R € Nap and
©4.5(R) = S if and only if XpApXa = ApXaAg. If A is invertible and B is
Schur invertible, then © o g is an isomorphism.

Proof. We have
XrApXa(E; ;) = R (Ae; o Bej) ejT
and
ApXals(Ei;j) = 8 (Aeio Bej) e,

from which the first claim follows.
Since Ap and Ag commute, we see that

XRABXA = ABXAAS

if and only if
XrApXaAp = ApXaApAg,

i.e., if and only if XA = AAg. If A~! and B(-) exist, then A is invertible, whence
it follows that © 4 p is an isomorphism. O

Since N p is commutative, we see that N4 p is a commutative algebra. We list
three equivalent forms of the first part of this theorem for later use.

6.3. Corollary. If R € Nap and © 4 5(R) =S, then

(a) XBTAAXRT = ASTXBTAA,

(b) ARXB(_)ABT = XAAA*IXS7

(C) ABTXB(_)TAR = XSTAA—IXAT.
Proof. We have
(6.1) XrApXa=ApXaAg,
and by using the exchange identity,

XRAAXB = AAXBAST.
Taking the transpose of each side, we get
XBTAAXRT - ASTXBTAA7

which yields (a).
Next rewrite (G.) as

Ap-) XrAp = XaAsX 4

and apply the exchange lemma to get (b). Taking the transpose of each side yields
(c). O
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7. TyPE II MATRICES

An n x n matrix A is a type II matriz if A7) exists and
AAOT = nJ.

Hadamard matrices provide one important class of examples. When discussing
type II matrices we will assume implicitly that n is coprime to the characteristic of
our underlying field F. The algebra N4 4 is known as the Nomura algebra of A.
We will usually denote it by N4 (rather than N, 4,4(—) ), and similarly we abbreviate
6A,A(*) to ©4.

We recall that a one-sided Jones pair (A, B) is invertible if A=) and B! both
exist. Somewhat surprisingly, invertibility implies that A and B are type II matri-
ces.

7.1. Theorem. Suppose (A, B) is a one-sided Jones pair. If B~1 exists, then the
diagonal of A is constant and A and B are type II matrices.

Proof. We use Corollary 6.3, which implies that, since A € N4 g and ©4 p(A) = B,
AprXpgyrAs = XprAg-1 X r.
Apply both sides to I. On the left we get
AprXgyrAa(l) = BT o (BT (A0 1))

= (BT o B)T)(401)

=J(AolI)
and, on the right,

XprA 1 X r(I) = BY (A7 o AT).
Therefore,
J(AoI)=BT(A7 1o AT).
Since (A, B) is a one-sided Jones pair, BT1 = 1, where 8 = tr(A). If B is
invertible, then 3 # 0 and we have
Ao AT = (BT) ' J(Ao ) = (Ao T).

The sum of the entries in the ith column of A= o AT is

Z(A_l)r,i(AT)r,i = Z(A_l)r,iAi,r =1,

from which it follows that all columns of J(AoT) are equal. Therefore, the diagonal
of A is constant, and so A= o AT is a multiple of J. Since the columns of A= o AT
sum to 1, we conclude that nA~! o AT = .J, and therefore A is a type II matrix.

Now, we prove that B is type II. We know that A and B are both invertible and
Schur invertible. So, from Lemma [53]

AA(—)XAAA - XBABTXB—L
Applying each side to I, we find that
AT o (A(AoT)) = B(BT o B™Y).

Since the diagonal of A is constant, this implies that B(B” o B~1) is a multiple of
J; hence,
BT o B ' =¢B71Y,
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for some c. Here we can write the right side as DJ, where D is diagonal. However,
arguing as before, all rows of BT o B~! sum to 1, and it follows that B is type
II. d

7.2. Lemma. If (A, B) is a Jones pair and A) exists, then B~' exists (and A
and B are type II matrices).

Proof. We use Corollary[6.3(b) with A = R and B = S to get
AsXpyApr = XaA -1 Xp.
Applying each side of this to J yields
Ao (BT)BT) = A(A™' o (BJ)).
Since (A, B) is a Jones pair, the row sums of B are all equal. So the right side

here is a multiple of I. Since the diagonal of B(~)B” is constant and A(~) exists,
B BT must be a scalar matrix. Therefore, B is invertible (and type II). O

It follows that if (A, B) is an invertible Jones pair, then all rows and all columns
of B have the same sum. From the proof of Lemma [£2] this sum is tr(A) and,
from Theorem [71], if B is invertible, then the diagonal of A is constant. From
Lemma [BIb), we know that (A=, B(-)) is a one-sided Jones pair if (A4, B) is.
Therefore, by Lemma BI[b), we conclude that if (A4, B) is an invertible Jones pair
then there is a nonzero scalar A such that the pair (AA, AB) satisfies the conditions
of Lemma 2.2

The next result is due to Jaeger, Matsumoto and Nomura [[f]. We include a short
new proof of it here, using the exchange lemma.

7.3. Lemma. Let A be a type II matriz. Then we have R € N4 if and only if
O4(R) € Nyr. Furthermore, if R € Na, then © 47 (0©4(R)) = nRT.

Proof. Applying Corollary G3(b) (with B = A(7)) we have that
XaAy -1 Xg = ARXAAA(—)T

and, therefore,
(7.1) XsAr Xp-1 = Ay 1) X 41 AR
Since A is type II, we have nA~! = AT and so () yields that S € N
and © 4-1(S) = nR. Finally, Ny-1 4-1-) = Ny)r_ar and, therefore, © 4-1(S5) =
O4r(S)T. O

Since AT is type II if A is, this lemma implies that © 4~ maps Nyr into Ny. If

we apply the exchange lemma to the transpose of (1), we see that RT € N4 and
OA(RT) = ©4(R)T. Therefore, Ny and Nyr are closed under transposes. Since

04(Q) 0 ©4(R) = ©4(QR),

we also find that N 4r is closed under the Schur product, as well as under multi-
plication. Since I and J both lie in Nz, it follows that A4z is the Bose-Mesner
algebra of an association scheme. Since N4 is the image of M r under © 47, it
too is Schur-closed and is the Bose-Mesner algebra of a second association scheme.
(These schemes necessarily form a dual pair, but we do not stop to discuss this.)

7.4. Lemma. Let (A, B) be a pair of type II matrices of the same order. Suppose
the diagonal of A is constant, and all row sums of B are equal. If A € Na p, then
there is a scalar ¢ such that (A, cB) is a one-sided Jones pair.
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Proof. If A~! exists and A € NA,B, then A1 e ./\/'A7B. Hence there is a matrix S
such that

X4 1ApXa = ApXalAg
and from the exchange lemma it follows that
XA 1A Xp = ApXBAgr.
If we apply both sides of this equality to J, we find that
A7 (Ao (BJ)) = Ao (BST).

Suppose BJ = (3J. Then the left side above is equal to (I, and, therefore,
BAG) oI = BST. If Ao = oI, this shows that

g g

Oap(A)y==B"T="—-p")
e na
and, consequently,
no
©4,8(A) = ?B.

This implies that
XaApXa= %ABXAABa

from which the result follows (with ¢ = nag™1). O

If, in the context of this lemma, we set B equal to A(_)7 then ./\/'A7B is the Bose-
Mesner algebra of an association scheme. So the assumption A € N4 p implies
that the diagonal of A is constant and the column sums of B are equal. Therefore,
Lemma [7.4] extends Proposition 9 of Jaeger, Matsumoto and Nomura [7]. (This
proposition asserts that cA is a spin model for some nonzero c if and only if A € Ny4.)

8. GAUGE EQUIVALENCE

We show here that each member of an invertible Jones pair almost determines
the other.

If D is an invertible diagonal matrix, we call D~'JD a dual permutation matriz.
We note that if A7) o C' = D~1JD, then

C=Ao(D'JD)=D'AD.

Thus, A o C is a dual permutation matrix if and only if A and C are diagonally
equivalent. The Schur inverse of a dual permutation matrix is a dual permutation
matrix. (The concept of dual permutation matrix comes from Jaeger and Nomura

8].)

8.1. Lemma. If A, C and M are Schur invertible matrices and X aApy = Ay Xe,
then C=) o A is a dual permutation matriz. If B, C and M are invertible matrices
and A Xy = XuAc, then CB™1 is a permutation matrix.

Proof. Suppose X 4An = ApXc. Applying each side of this equality to E; ; yields
Mi’j Aei = Cei o Mej
and, since C'(7) exists, we get

(8.1) Mej = M; ;(C'7) o A)e;.
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Therefore, each column of (C(~) o A) is a multiple of Me;, and so C~)oA = D;.J D,
for some invertible diagonal matrices Dy and Ds. Next, equation (81 implies that
Mij = e Mej = My ef (C7) o Ae;

and, since M; ; # 0, this implies that e} (C(~) o A)e; = 1. Hence, D;Dy = I and
C) o A is a dual permutation matrix.
Now, suppose Ap X = XpAe. Then we get
Mei o Bej = CiJ' Mei;

so, if we multiply both sides of this by (B~!), ) and sum over j, we get
(82) Mk,iek = Mei o€ = <Z Ci’j (B_l)j7k> Mei = (CB_l)i’k Mei.
k

This implies that each column of M is a multiple of some vector e,. Since M is
invertible, no column is zero; so we also see that, for the value of i there is at most
one index k such that (CB~1); s # 0. If M ; # 0, then (8Z) gives

Mkﬂ' = (CB_l)i,k 6£M€i = (CB_l)i,k Mk,i
and thus (CB~1);, = 1. Since CB~! is invertible, we conclude that it is a permu-

tation matrix. O

8.2. Corollary. Let (A, B) be an invertible one-sided Jones pair. If (C, B) is also
an invertible one-sided Jones pair, then there is an invertible diagonal matriz D
such that C = D™1AD.

Proof. By Corollary [5.2] if (A4, B) and (C, B) are invertible one-sided Jones pairs,
then

XAAaXp = AaXBApr, XcAcXp = AcXpAgr
and, consequently,
XaAaAo Xo-1 = AxAg.
Therefore,
XaAcroa =Ao0aXe
and, by Lemma[8] this yields that C(~) o A is a dual permutation matrix. Hence,
A and C are diagonally equivalent. O

8.3. Corollary. Let (A, B) be an invertible one-sided Jones pair. If (A,C) is also
an invertible one-sided Jones pair, then there is a permutation matriz P such that
C = BP.

Proof. Now we have
XAAAXB:AAXBABT7 XAAAXC:AAXcACT,

and, consequently,
XC—IXB = Ac(f)TXC—lXBABT.
Hence,
AcrXc-1p = Xo-1pApr

and Lemma implies that BTC~7 is a permutation matrix. O
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These results have interesting consequences. We saw that (AT B) is a one-sided
Jones pair if (A, B) is. So we may deduce that if (A, B) is an invertible one-sided
Jones pair, then there is a diagonal matrix C' such that C~'AC = AT. Further, if
we are working over C and C~'AC = AT, then there is a diagonal matrix C; such
that C§ = C; then we have

CiTAC, = CLATCr = (C7PAC)T

and so C; 'AC) is symmetric.
If (A, B) is an invertible Jones pair, then so is (4, BT), whence it follows that
BT = BP for some permutation matrix P. Since

B = (BN =(BP)" = P"B" = P'BP,

we see that P must commute with B. If P has odd order, then there is an integer r
such that P?" = P. Suppose Q = P". Then Q commutes with B and QT BT = BQ.
Therefore, BQ is symmetric.

(The facts that if (A, B) is an invertible Jones pair, then AT = C~1AC for some
diagonal matrix C' and BT = BP for some permutation matrix P are due to Jaeger
[6], but our proofs are new, and simpler.)

9. FOUR-WEIGHT SPIN MODELS

A four-weight spin model is a 5-tuple (Wy, Wy, W5, Wy; D) where Wy, Wa, W3,
W, are n X n complex matrices and D is a square root of n such that

(9.1) WioWi =J, WaoW] =1,

(92) W1W3 :nI, W2W4 = nI,

and

(9.3) > W)k w (W) ni(Wa)n s = DWa)i g (Wa)ks(Wa)k 5,
h=1

(9.4) D W)k (W1)in(Wa)jn = D(Wa) i (W1)i ke (Wa) -
h=1

Note that ([@.3) and ([@4) are equivalent to (3a) and (3b) in [Il p. 1] respectively.
The original spin models due to Jones [10] are referred to as two-weight spin models.

9.1. Theorem. Suppose that A, B € M, (C) and D?> = n. Then the following are
equivalent.

(i) (A, B) is an invertible Jones pair.
(ii) (DA,nB~', DA™Y B;D) is a four-weight spin model.

Proof. Write A = D~'W; and B = Wy. Then (3) is equivalent to (@) and holds
if and only if (A4, B) is a one-sided Jones pair. Observe next that (I4)) is obtained
from (@3) by replacing Wy and Wy by their transposes. This implies that (0.4)
holds if and only if (AT, BT) is a one-sided Jones pair which, by Lemma B, is
equivalent to (4, BT) being a one-sided Jones pair. This shows that (ii) implies (i).
The converse is easy, given Theorem [T O

Thus, invertible Jones pairs are equivalent to four-weight spin models. Our
treatment shows that most of the theory developed in [2] and [I] holds under the
weaker assumption that (A, B) is a one-sided Jones pair.
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Four-weight spin models were introduced as a generalization of the generalized
spin models of Kawagoe, Munemasa and Watatani [I1]. In our terms, Kawagoe
et al defined a generalized spin model to be an n x n type II matrix A such that
(AT, /nA)) is a one-sided Jones pair. We use the exchange lemma to show that
such a pair must be two-sided. (This shows that four-weight spin models are indeed
a generalization of generalized spin models, as noted in Bannai and Bannai [1].)

9.2. Lemma. If A is type II and (AT,\/nA7)) is a one-sided Jones pair, then it
15 a Jones pair.

Proof. By Corollary 5.2,
XarApr X y-) = Bar X q ) A Jmacor.

Inverting each side of this, we find that

1
X a1 AA(—)TXA—T = —nAATXA(—)—l AA(—)T.

NG

Since AT = %A(_), we get

1
XATAA(—)TXA—T = —AATXATAA(_)T,
n

\/_
which gives
A\/HA(—)TXATA\/EA(—)T = XATA\/EA(—)TXAT.
This implies that (A7, /nA(7)T) is a one-sided Jones pair. O
10. ALGEBRAS AND BIJECTIONS

Given a one-sided Jones pair we have a number of algebras including N4, 5, Nj p
and the Bose-Mesner algebra N 4. In this section we study some of the relations
between these.

10.1. Theorem. Let A, B and C be type II matrices with the same order. If
FeNap and G € Ng-) ¢, then FoG € Nac and

@A,C(F o G) = n_1®A7B(F) G)B(*),C(G)-
PTOOf. If XpApX4 = ABXAAF/, then, by COI‘OH&I‘y Mb),

(101) AFXB(f)ABT :XAAA—lXF/.
Similarly, applying Corollary B3(b) to XcAcXpg) = AcXp-)Agr, we get
(10.2) Ac;XC(f)ACT =XpHAg 1 Xe = n_lXB(f)ABTXGI.

From (I0.0]), we have
Ap = XaA 1 Xpi (X gy Agr) ™,
which, combined with ({0.2), yields
ArAcXoAor =n ' XaA g1 X X,

and, therefore,
ApocXo)Agr = n_lXAAA—l Xrigr.
By applying the exchange lemma to this we find that

Aoy XpocAc =n ' XaApig X g,
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whence
XrogAcXa=n""AcXsApcr.
Therefore, F o G € Ns ¢ and
@A,C(FOG) :n_l@AB(F) G)B(*),C(G)- O

10.2. Lemma. Suppose A and B are type II matrices with the same order. If
Ge NA,B; then GT € NA(—>,B(—) and @A(—),B(—)(GT) = GA}B(G),

Proof. Suppose R € Ny g and XpApX4 = ApXaAg. Then
Xa-1Ag)Xp =AsX4-1Ag-
and, taking the transpose of this, we find that
XprAp) Xa-1 =Ap) Xy -1As.
Since A is type II, we have nA~T = A=), and we conclude that RT ¢ N g
and @A(—>,B(—) (RT) =35. O
As an example, suppose A is type I and G € N4. Then by the lemma,
G €Ny a=Na
and
O 4.4 (G) =04 A(GT) =04 4 (GT)T,
which implies that © 4(GT) = ©4(G)T.

10.3. Theorem. Suppose A and B are type II matrices of the same order. If
FeNa, GeNap and H € N, then F oG and Go H lie in Na p and

@A,B(F o G) = ’I’Lil@A(F) @A,B(G),
Oap(GoH)=n"'045(G)Op(H)".
Proof. If we apply Theorem [[0.1]to the triple (4, A7), B), we get the first claim.
For the second claim, note that if H € Np, then we have H € Ny, and
Op (H) =0p(H)T. Now, if we apply Theorem [[0.1] to the triple (A4, B, B), then
we have
©45(GoH)= nil@AB(G) Op(H),
from which the second assertion follows. O

This corollary shows that Na o Na g € Na g and Nyr Ny p C N . We will
see below that equality holds.

10.4. Theorem. Suppose A and B are type II matrices of the same order. If F
and G lie in Na g, then F o GT € Ny N Np and

OA(FoGT)=n"'04p(F)045(G)T,
Op(FoGT) = n 10, 5(F)T 04 5(G).
Proof. T G € Na p, then, by Lemma 2 GT € Ny, pc) and
O 5 (G") =045(G).

If we now apply Theorem [[0.1] to the triple (4, B, A7), we find that FoGT € N4
and that © 4(F o GT) is as stated. For the remaining claims, apply Theorem [0.1]
with the triple (B, A, B()). O
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Our next result is an easy consequence of Theorem [[0.4] It implies that if (A4, B)
is an invertible one-sided Jones pair and A is symmetric, then either Ao A is a
linear combination of I and J, or M4 is the Bose-Mesner algebra of an association
scheme with at least two classes. (We will discuss the first case again in the final
section.) This corollary also appears in Huang and Guo [5].

10.5. Corollary. If (A, B) is an invertible one-sided Jones pair, then Ao AT € N4
and © 4(Ao AT) =n"'BBT. O

Among other important consequences, our next result implies that if (A, B) is
an invertible Jones pair, then M4 and N4 g have the same dimension.

10.6. Theorem. Suppose A and B are type II matrices of the same order. If Na g
contains a Schur invertible matriz G, then Ny = Np,

(a) GoNg=Nap and GT o Nap=Na.

(b) If H=045(G), then NayrH = Ny p and Ny gH" = Nyr.

Proof. By Theorem [[0.3] we see that Ny o G C Ny g, while Theorem [[U.4 implies
that N4 p o GT C Ny4. Since G(7) exists, Schur multiplication by G is injective,
and so (a) follows.

Theorem 03] also implies that GoNpg C N4, g, while Theorem[I0.4l implies that
GT o Nap C Np. Hence, GoNp = Nap and GT o Ns g = N, and, therefore,
Na =Np.

By Theorem

O4,5(GoNa) =n"O4(Na)H.
By Lemma T3], ©4(N4) = Nar and so the first part of the second claim follows.
From Theorem [[0.4] we see that

Oa(Napo GT) =n ! ABHT,
whence the second part of the second claim follows. O

If (A, B) is an invertible one-sided Jones pair, then A is a Schur invertible element
of Na,g. Thus, we have immediately:

10.7. Corollary. If (A, B) is an invertible one-sided Jones pair, then we have AT o
J\/’A7B=NA and./\/'AB:AONA. O

Since Ny4 is a Bose-Mesner algebra, this result implies that all matrices in N4 g
have constant diagonal. Since N4 is closed under transposes, we also see that if

A is symmetric, then M4 g is closed under transposes and (by Lemma [0.2) that
Nap=Na) g

10.8. Corollary. If (A, B) is an invertible one-sided Jones pair, then we have
dimNy = dim N4 g and Nar = Na = Np.

Proof. Given our hypothesis, A and AT are Schur invertible, and it follows from
the first part of Theorem [[0.6] that dim N4 = dim N4 g and that Ny = Np. Since
(AT B) is an invertible one-sided Jones pair if (4, B) is, we also have Nyr =

NB. O

Etsuko Bannai [2] proved that Ny = Ng = Nyr = Npr for four-weight spin
models; this extended unpublished work by H. Guo and T. Huang, who had shown
that N4 = Nyr. Note that if (A, B) is an invertible Jones pair, then (A, BT) is
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an invertible Jones pair; so our previous result also implies that A4 = N pr in this
case.

10.9. Corollary. If (A, B) is an invertible Jones pair and F € Na = Np, then
@B(F)T = Bil@A(F)B,

Proof. We have seen that N4 = Np and, therefore, Ao N = N p. Suppose
F € Ng. Then by Theorem [I0.3]
@A7B(AOF) = ’I’L_lB@B(F)T

and
Oap(AcF)=n"'04(F)B.

Hence, the result follows. O

This result implies that B~*N4B = N4. Similarly, if (A4, B) is an invertible
Jones pair, then we also find that B~TN4B” = A4. In this case BT = BP for
some permutation matrix P, and PTN4P = Njy.

11. A DuaL PAIR OF SCHEMES

Let A and B be type II matrices of the same order, and let W be the matrix

defined by
A B

Then it is easy to verify that W is a type Il matrix; we are going to describe its
Nomura algebra.

11.1. Theorem. If A and B are type II matrices of the same order and
A BGO)
"= (—A B<—>> ,
then Nw consists of the matrices

F+R F-R
F-R F+R)’

where F € NaNNp and R € NA,B mNA(*),B(*)-
Proof. Suppose M, N, P and @ are n X n matrices. Then the matrix

M N
Z:= < \ Q)
lies in My if and only if all of the following vectors is a set of eigenvectors for Z:
Ae; o A(’)ej BHe; o0 Be; Ae; o Be; AGe; o B(’)ej
Ae; o A(*)ej ’ B(He; o Bej)’ —Ae;o Bej )’ —A)e; 0 B(’)ej '
The first of these four sets of vectors is a set of eigenvectors for Z if and only if
both M + N and P + @ lie in A4 and

Oa(M + N)=04(P+ Q).

This last condition implies that M + N = P + ; we may assume that both sums
are equal to F', where F' € Ny4. Similarly, the second set of vectors consists of
eigenvectors for Z if and only if M + N and P + Q lie in Np, and, therefore,
FeNsNNg.
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The third and fourth sets of vectors are eigenvectors for 7 if and only if M — N
and P — Q lie in Na, g N Ny-) p-) and

OaB(M —N)=045(P-Q),
whence M — N =P —Q = R. O

This result shows that Ay is the direct sum of two subspaces. The first consists
of matrices of the form

(11.1) (? ?)

where F € N4 N Np. This set of matrices is closed under multiplication and
Schur multiplication (but does not contain I). The second subspace consists of the
matrices

(11.2) <5%_§>

where R € Na,p NN p)-
11.2. Corollary. Suppose F € NaNNp and R € Nap "Ny . If

;. _1(F+R F-R
“3\F-R F+R)’

then
O4(F) ©.4.8(R)

Ow(Z) = (@B(_>7A(_>(R) @B(—)(F)) '

Proof. Assume A and B are n x n matrices and 1 < 4,7 < n. Then, for example,

B(He; 0 Al e
_B(f)ei o) A(f)ej :

This determines the (2, 1)-block of Oy (Z), and the other blocks can be found in a
similar way. (I

Observe that © 5 (F) = (05(F))T and so, by Corollary 0.9
@B(—) (F) = Bil@A(F)B.
By Lemma [[0.2] we have that Ny p-) = NX}B and
© 4 g (R) = ©4,5(R").

We can now state one of the main conclusions of our paper.

Weign o W(_)ej = (

11.3. Corollary. Let (A, B) be an invertible Jones pair of n X n matrices. Assume
A is symmetric and dim N4 = m. Let W be the 2n x 2n type II matriz defined
above. Then Ny is the Bose-Mesner algebra of an imprimitive association scheme
with 2m — 1 classes that contains the matrix

A -A
()
The image of this under O is the following matriz in the dual scheme (with Bose-
Mesner algebra Ny, ):
0 B
(5 ©)
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Proof. Since (A, B) is an invertible Jones pair, N4 = AMp. Hence, the space of
matrices in (IT.I) has dimension m. Since A is symmetric, Na g is closed under
transposes and therefore equals N4y p(-). Hence the space of matrices in (IT.2)
also has dimension m, and consequently dim Ny = 2m.

Because A € Ny p, it follows that

A -A
(_ A A > € Nw
and then the previous corollary implies that

0 B
(BT 0) € Nyr. U

12. DIMENSION TwO

We define the dimension of a Jones pair (A, B) to be the dimension of N4 g and
we define the degree to be the number of distinct entries in B or, equivalently, the
number of distinct eigenvalues of A. Since A € N4 g, the degree is bounded above
by the dimension. Since N, A,p contains I and A, the dimension of a pair is at least
two, unless A = I (and then B = J).

Suppose (A, B) is an invertible Jones pair of n X n matrices with dimension two,
and that A is symmetric. Since dim N4 = dim Ny g, we see that My is the span
of I and J; so N4 is the Bose-Mesner algebra of an association scheme with one
class. It follows that there are complex numbers a and b such that

AoA=al+bJ

Therefore, there is symmetric matrix C' such that C' oI = 0 and C;; = +1 if
i # j and A = A\I +~C. Furthermore, since N4 g has dimension two, the minimal
polynomial of A is quadratic. Hence, the minimal polynomial of C' is quadratic
and, since (C?) oI = (n — 1)I, there is an integer & such that

C?—6C—(n—1)I=0.

This implies that C' is the matrix of a regular two-graph. (For more information on
regular two-graphs, see Seidel’s two surveys in [12], and for more on the connection
with type II matrices, see [4].)

If A has quadratic minimal polynomial, then B has exactly two distinct entries
and so is a linear combination of J and a (0,1)-matrix N. In [3], Bannai and
Sawano show that N must be the incidence matrix of a symmetric design, and
characterize the designs that can arise in this way. It is well known that symmetric
designs on n points correspond to bipartite distance regular graphs on 2n vertices
with diameter three, and it is less well known that a formal dual of such a scheme
is the association scheme associated to a regular two-graph.

Finally, if (4, B) is a one-sided Jones pair and A has quadratic minimal polyno-
mial, then the algebra generated by X4 and Ap is a quotient of the Hecke algebra.
It follows that the link invariant we obtain is a specialization of the homfly poly-
nomial. (For this see Jones [J] Section 4].)
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